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Abstract
We consider an anisotropic needle-like Brownian particle with nematic symmetry confined in
a 2D domain. For this system, the coupling of translational and rotational diffusion makes the
process x(t) of the positions of the particle non Markovian. Using scaling arguments, a Gaussian
approximation and numerical methods, we determine the mean first passage time 〈T〉 of the particle
to a target of radius a and show in particular that 〈T〉 ∼ a−1/2 for a → 0, in contrast with the
classical logarithmic divergence obtained in the case of an isotropic 2D Brownian particle.
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I. INTRODUCTION
Random search processes typically involve a randomly moving searcher and a target –
for example a diffusive reactive particle and its reaction site or an animal looking for food
[1–6]. In this context, a useful observable to quantify the search efficiency is the mean
first-passage time (MFPT) to the target [7–19]. In the case of a single target in a bounded
domain – or equivalently regularly spaced targets in infinite space –, the full FPT statistics,
and in particular its mean, have been derived asymptotically for Markovian scale invariant
random walkers [11, 12, 15]. In the last few years these results have been extended in
several directions; the case of several targets has been analyzed in [20–23], and more recently
examples of non scale invariant processes [24–27] and non Markovian processes have been
studied. This was done first on the example of a monomer of a polymer chain [13], and next
for more general Gaussian processes [14], but explicit results beyond the Markovian scale
invariant case remain rather sparse.
Here we consider the dynamics of an anisotropic (needle-like) particle in 2D (see Fig.1);
this system is of experimental relevance and can be realized by designing ellipsoidal particles
or nematic macromolecules [28–30] and can model a large class of rod-like bacteria [31].
On general grounds, the Brownian motion of such anisotropic particle, which could be of
thermal or active origin, combines rotational diffusion of the particle axis, and anisotropic
translational diffusion along and orthogonal to the particle axis. This coupling makes the
process x(t) of the positions of the particle non Markovian, and not scale invariant, even if
the full process (x(t), θ(t)), where θ denotes the orientation of the particle, is Markovian.
Adapting the recent methodology developed in [13, 14], we determine in this paper the
MFPT 〈T〉 of the particle to a target of radius a and show in particular that 〈T〉 ∼ a−1/2
for a → 0, in contrast with the classical logarithmic divergence obtained in the case of an
isotropic 2D Brownian particle, for which it is known that 〈T〉 ∼ log (r/a), where r is the
initial distance from the target [7, 11]. This classical results holds for both targets in the
bulk of the domain, or at the boundary of the domain (so called narrow escape problem)
[9, 10, 21, 22, 32]. This logarithmic divergence stems from the fact that the dimension
of isotropic Brownian motion is 2. Exploration of the 2-dimensional plane by a Brownian
particle has henceforth specific properties, and is usually called marginally compact : in
absence of confinement, any target of finite size a 6= 0 is eventually visited with probability
2
1 (recurrence property). In contrast, in any dimension D > 2, this probability is strictly
smaller than 1 (transience property), and the MFPT in confinement diverges for small
target size a; in dimension D < 2, a point-like target is found with probability 1 (recurrence
property), and the MFPT has a finite limit when a→ 0 [33].
II. GENERAL FORMULATION OF THE MEAN-REACTION TIME
The 2D diffusion of anisotropic particles, such as ellipsoid particles or more generally
nematic particles, can be conveniently defined in the local reference frame of the particle,
where the X axis is defined by the main axis of the particle at a given time t′ and the Y
axis by its normal. The position and state of the particle at a later time t > t′ is then fully
defined by (X, Y, θ), where X, Y refer to the position of the center of mass of the particle in
the local reference frame and the angle θ defines its orientation with respect to a fixed axis
(see Fig. 1). The dynamics can then be written:
∂tX = ξX ; ∂tY = ξY ; ∂tθ = ξθ (1)
The noise terms ξi are here assumed to be Gaussian and characterized by 〈ξθ(t)ξθ(t′)〉 =
2Dθδ(t − t′) and 〈ξi(t)ξj(t′)〉 = 2δijDiδ(t − t′) and 〈ξθ(t)ξj(t′)〉 = 0 for i, j ∈ {X, Y }. In a
FIG. 1: Local coordinate system and definition of parameters for an anisotropic Brownian particle.
fixed reference frame, the dynamics of the position x(t) of the particle can then be derived
and reads in cartesian coordinates
∂tx = ζx; ∂ty = ζy; ∂tθ = ξθ. (2)
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In this fixed reference frame the noise terms now have non trivial correlations defined by
〈ζi(t)ζj(t′)〉 = 2µijδ(t− t′) for i, j ∈ {x, y}, where the correlation matrix µ is given by :
µ =
DX +DY
2
I +
DX −DY
2
Mθ (3)
with
Mθ =
cos 2θ sin 2θ
sin 2θ − cos 2θ
 (4)
and I stands for the identity matrix. Note that the angular variable θ is Brownian with
diffusion coefficient Dθ, and is therefore Gaussian, and that the full process (x(t), θ(t)) is
Markovian. The non trivial correlation matrix µ shows that the process x(t) alone is non
Markovian and a priori not Gaussian. It is however useful to determine the diffusion tensor
for a given initial angle θ0, which can be written [28] :
〈∆xi(t)∆xj(t)〉
2t
=
DX +DY
2
δij +
DX −DY
2
g(Dθt) (Mθ0)ij (5)
with g(x) = (1− e−4x)/(4x).
Taking θ0 = 0, this equation has a clear interpretation. At small time scales (compared
to the characteristic time scale of rotational diffusion 1/Dθ), each coordinate x and y diffuse
independently with diffusion coefficients DX and DY ; at time scales of the order 1/Dθ, x
and y are non trivially coupled according to Eq. (5); finally at time scales larger than 1/Dθ
both x and y diffuse independently with the averaged diffusion coefficient (DX +DY )/2 and
2D Brownian motion is recovered (see Fig.2 for a typical trajectory) .
In what follows, we investigate the mean reaction time of such anisotropic particle with
a spherical target T of radius a, located in a 2D domain of volume V . Here the reaction
time is defined as the first-passage time of the particle center of mass at the target. The
particle is assumed to start at a distance R0 from the center of the target with a uniformly
distributed orientation θ0. As detailed below we will consider the large V limit, defined by
taking all points of the boundary to infinity while the target and starting point remain fix.
In this limit the specific nature of boundary conditions (for example reflecting) is irrelevant,
and the dependence on the starting position can occur only through the distance R0; we will
therefore assume that the initial position is uniformly distributed on the circle of radius R0.
Unless specified otherwise, we will also consider the regime R0  a. Last, to highlight the
effect of anisotropic diffusion, we will assume below that DX = D and DY = 0.
4
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FIG. 2: Example of Brownian trajectory of a needle-like anisotropic particle (DY = 0) with D and
Dθ arbitrarily set to 1.
The starting point of our analysis is to use the fact that the full process (x(t), θ(t)) is
Markovian. A renewal equation can therefore be written for a given x ∈ T :
P (x, θ, t|ini) =
∫ t
0
dt′
∫
x′∈∂T
dx′
∫ pi
0
dθ′F (x′, θ′, t′|ini)P (x, θ, t|x′, θ′, t′) (6)
where P (x, θ, t|x′, θ′, t′) denotes the full propagator, namely the probability density of finding
the anisotropic particle at (x, θ) at time t knowing that it was at (x′, θ′) at t′. Similarly,
F (x, θ, t|x′, θ′, t′) denotes the probability density that the particle hits the target for the
first time at (x, θ) at time t knowing that it started at (x′, θ′) at t′. Here ini stands for the
initial conditions at t = 0 as given above. Thanks to the rotational symmetry of the initial
condition, F does not depend on x′, and the integration over ∂T is trivial. Following [13], we
next introduce the distribution pi(θ), which gives the probability density of the orientation
angle θ at the instant of reaction (pi(θ) =
∫
F (θ, t′|ini)dt′). Taking the Laplace transform of
Eq.(6) then leads to the following expression of the MFPT 〈T〉 (see [13, 34, 35]):
〈T〉
V
=
∫ ∞
0
dt
[
P¯ (x, t|pi)− P¯ (x, t|ini)] (7)
where we have defined
P¯ (x, t|ini) =
∫ pi
0
dθP (x, θ, t|ini) (8)
and
P¯ (x, t|pi) =
∫
x′∈∂T
dx′
∫ pi
0
dθ′P (x, t|x′, θ′, t′ = 0)pi(θ′) (9)
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Equations (7) and (9) together with the normalization condition for pi(θ) yield an integral
equation that fully defines pi and 〈T〉. Note that this definition holds for any point x ∈ T .
At this stage, for a finite confining domain, the propagator P¯ depends on the full geometry
of the problem and cannot be determined explicitly. We will therefore consider below the
V → ∞ limit of equation (7) and still denote P¯ the propagators in infinite space for the
sake of simplicity. It should be mentioned that even in infinite space there is no known
analytical expression for the propagator P¯ , which excludes an explicit resolution of this
integral system. We however show below that a useful approximate scheme can be developed
and that a scaling analysis can be performed. As discussed in the next section, it will be
useful to introduce the characteristic length δ ≡√D/Dθ; at length scale smaller than δ the
motion of the particle is anisotropic, while isotropic diffusion is recovered at length scales
larger than δ. One can then define the dimensionless parameter β ≡ (a/δ)2: for β  1
angular diffusion is slow at the scale of the target, so that orientation is conserved when
translational diffusion covers a typical distance a and conversely for β  1 angular diffusion
is fast.
III. GAUSSIAN APPROXIMATION
As mentioned above, it is known that even in infinite space the propagator P¯ of the
process x alone is not exactly Gaussian [29]. However, as checked numerically below, taking
a Gaussian approximation of this propagator, with exact mean and covariance leads to
an accurate determination of the MFPT 〈T〉. Within this approximation, in a coordinate
system where the center C of the target is at (0, 0), and choosing x = C in Eq.(7), the
propagators entering Eq.(7) can then be expressed in terms of :
P¯ (0, 0, t|x, 0, θ0, 0) = 1
2piDt
√
1− g2(Dθt)
exp
(
− x
2
2Dt
1− g(Dθt) cos 2θ0
1− g2(Dθt)
)
. (10)
The distribution pi(θ) then remains to be determined. In general, this distribution seems
difficult to derive explicitly; useful limiting regimes can however be determined as follows.
(i) β  1. In this regime angular diffusion is very fast at the scale of the target and pi(θ)
is uniform. This is the Brownian limit. (ii) β  1. Angular diffusion is slow at the scale of
the target, and simple geometric arguments yields pi(θ) = cos(θ)/2 in the regime R0  a.
We focus from now on on the case β  1, for which the effect of anisotropy is expected to
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be important. After performing the integration over the angle θ at the instant of reaction,
one gets from Eq.(7) :
lim
V→∞
〈T〉
V
=
∫ ∞
0
du
[
1
4D
√
piβug(u)
exp
(
− β
2u(1 + g(u))
)
Erf
(√
β
u
√
g(u)
1− g2(u)
)
− 1
2piDu
√
1− g2(u) exp
(
− γ
2u
1
1− g2(u)
)
I0
(
0,
γ
2u
g(u)
1− g2(u)
)]
≡
∫ ∞
0
du[H1(γ, β, u)−H2(γ, u)] (11)
where γ = R20Dθ/D = βR
2
0/a
2 and H1, H2 are defined by obvious identification with the first
two lines of Eq.(11). Here I0 denotes the modified Bessel function. Two relevant asymptotic
regimes can then be analyzed.
Small target size limit: β → 0 and fixed γ. We first focus on the dependence of the
MFPT on the target size a and analyze the regime of small a, which amounts to taking
β → 0. First note that the integral giving 〈T〉 in Eq.(11) diverges for β → 0, which shows
that the MFPT diverges in the small target size limit, as is the case for regular Brownian
motion in space dimension D ≥ 2. This divergence is controlled by the behaviour of the
propagators at small time scales. It is therefore useful to introduce the intermediate scale 
such that β   1. Making use of g(x) = 1−2x+ o(x) and I0(x) ∼ ex/
√
2pix for x→∞,
one can rewrite :
lim
V→∞
〈T〉
V
=
1
4D
√
piβ
∫ 
0
du
1√
u
exp
(
− β
4u
)
Erf
(√
β
2u
)
− 1
4D
√
piγ
∫ 
0
du
1√
u
exp
(
−γ
4
(1 + 1/u)
)
+
∫ ∞

du[H1(γ, β, u)−H2(γ, u)]. (12)
The β → 0 limit can then be taken and yields finally
lim
V→∞
〈T〉
V
∼ β−1/4 × 1
4D
√
2pi
∫ ∞
0
du
Erf(u)
u3/2
. (13)
This shows in particular that in this small target regime, the MFPT diverges as 〈T〉 ∼ a−1/2,
which stands in contrast with classical logarithmic divergence obtained in the Brownian 2D
case.
Large initial distance limit : γ → ∞ and fixed β . We now focus on the dependence on
R0, for R0 large, which amounts to taking the large γ asymptotics in Eq.(11). Making use
again of the decomposition given in Eq.(12), one obtains straightforwardly
lim
V→∞
〈T〉
V
∼ ∼
γ→∞
1
2piD
log γ. (14)
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Rewriting γ = (R0/a˜)
2, where we introduce a˜ =
√
D/Dθ, one recovers the MFPT of a
2D isotropic Brownian motion of diffusion coefficient D/2 (which is indeed the large scale
diffusion coefficient of the particle) to a spherical target of radius a˜.
IV. ASYMPTOTIC SCALING ANALYSIS
We now present a more general scaling analysis of the problem, which does not involve
the above Gaussian approximation of the propagator. As discussed above, one needs to
distinguish the two time regimes t  1/Dθ of highly anisotropic diffusion and t  1/Dθ
of isotropic diffusion. A simple dimensional analysis shows that the rescaled MFPT τ ≡
D〈T〉/V can be written τ = f(a/δ,R0/δ, L/δ), where f is a dimensionless function, L = V 1/2
is the characteristic domain size, and δ =
√
D/Dθ has been defined above. First notice that
the existence of a finite limit of 〈T〉/V when V → ∞, as can be seen from Eq.(7), shows
that the dependence on the last variable L/δ can be ignored; we consider this limit from
now on and identify τ and its large volume limit.
We analyze the dependence on the target size a and fix R0/δ; the rescaled MFPT τ is
then a function of a/δ only. This function is expected to diverge for a/δ → 0; qualitatively
this comes from the fact that the anisotropic motion results from a constrained 2D Brow-
nian motion and can therefore only explore less space (see below for a more quantitative
argument). From Eq. (7) such divergence comes from the contribution of the first propa-
gator P¯ (x, t|pi), which only depends on a. Dimensional analysis shows that one can write
P (x, t|pi) = g(a/σ(t))/v(t), where σ(t) is a length, v(t) a surface area and g a dimensionless
function. The analysis of the diffusion tensor given in Eq. (5) shows that at short time
scales one has to define two distinct characteristic lengths σx =
√
Dt and σy =
√
DDθt.
We argue here that at short time scales the characteristic surface area should be defined
by v(t) ∝ σxσy ∝ D
√
Dθt
3/2, which gives the characteristic surface area covered by the
trajectory at short times. In turn, σ(t) should be taken as the smallest length scale, and we
therefore anticipate that σ ∝ σy. Finally, injecting these scalings in Eq.(7), one obtains :
τ ∼
∫
f(a/
√
DDθt)√
Dθt3/2
dt (15)
∼
√
δ
a
∫
f(1/u)
u3/2
du. (16)
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This analysis, even if it involves assumptions on the scaling of the propagator, is consis-
tent with the analysis of the previous section based on the Gaussian approximation of the
propagator and yields the correct scaling τ ∼ β−1/4; it will be further supported in the next
section by numerical simulations. To conclude this general analysis, we extend it to the case
of a finite transverse diffusion coefficient DY 6= 0, while keeping DY  DX . Three cases
then arise. For DY /Dθ  a2  DX/Dθ, the diffusion along Y can be neglected and the
previous analysis can be applied : 〈T〉 ∝ β−1/4. In the ultimate regime DY /Dθ  a2, the
particle behaves as 2D Brownian particle, and the usual logarithmic divergence is recovered.
Diffusion is however inhomogeneous and the FPT is limited by the transverse motion, so
that 〈T〉 ∝ (log a/R0)/DY . In the opposite regime DX/Dθ  a2, the kinetics are lim-
ited by the large scale motion, which is diffusive with diffusion coefficient DX/2 so that
〈T〉 ∝ (log a/R0)/DX (see Fig. 3).
FIG. 3: Sketch of the dependance of the MFPT 〈T〉 on the target size a for DY  DX .
V. SIMULATIONS AND REFINED APPROXIMATIONS
We now compare our results with numerical simulations, based on a simple discretization
of Langevin equation as suggested in [29]. Fig. 4 shows the MFPT as a function of β. The
predicted scaling ∼ β−1/4 for small β is clearly observed numerically, with a cross over to
the isotropic Brownian behavior at larger β in the case DY = 0. We present additionally
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several examples with DY 6= 0, keeping DY /DX  1, which display as expected a similar
behavior. However, it should be noted that the numerical prefactor entering the expression
of the MFPT, as obtained in Eq. (13) on the basis of the Gaussian approximation, is not
quantitatively accurate. This is due to the fact that the propagator is not exactly Gaussian,
as can be checked numerically. The good agreement that we obtain for the scaling with β
however suggests that our scaling hypothesis, consistent with the Gaussian approximation
of the propagator, is correct.
Nematic
Elliposid with      = 0.999
Elliposid with      = 0.99
Theory with gaussian approximation
FIG. 4: MFPT of an anisotropic diffusing particle to a target as a function of β for different values
of the anisotropy coefficient η = (DX −DY )/(DX +DY ). Theoretical predictions (plain lines) and
numerical simulations (symbols) are shown. Parameters : D = 1, a = 1, X0 = 100, V = pi × 5002.
The scaling law β−1/4 is observed as predicted, although the numerical prefactor given by the
gaussian approximation is underestimated by about 17%.
VI. CONCLUSION
In conclusion, we have presented in this paper a theoretical analysis of the MFPT to
spherical target for an anisotropic diffusive particle in a 2D confined domain. On the basis
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of scaling arguments, a Gaussian approximation and numerical methods, we have determined
the MFPT 〈T〉 and put forward an unexpected scaling with the target size 〈T〉 ∼ a−1/2 for
a→ 0, which is in contrast with the classical logarithmic divergence obtained in the case of
an isotropic 2D Brownian particle. This stronger divergence of the MFPT for small target
sizes can be attributed to a much slower exploration of space at short time scales for the
anisotropic particle : as discussed above, at short times (t < 1/Dθ) the anisotropic particle
explores a typical area ∼ t3/2, much smaller than the area ∼ t explored by a 2D isotropic
Brownian particle. Since it is expected that the distribution of the first-passage time is in
this case asymptotically exponential, we anticipate that this quantity allows for a complete
description of the search kinetics [12].
It should be noted that this non trivial scaling of the MFPT with the target size cannot
be directly inferred from the general results derived in [11] for scale invariant processes; the
process is here not scale invariant and a single walk dimension cannot a priori be defined.
While this work focuses on a rather simple model of anisotropic diffusion, we believe that it
also puts forward tools applicable to further examples of anisotropic processes, which lack
the scale invariance property. It also provides an explicit example of determination of the
MFPT for a non Markovian process (x alone), which is amenable to a Markovian process by
taking into account additional degrees of freedom (x, θ). In particular this analysis illustrates
that the specific functional form of the propagator can be irrelevant to determine scaling
behaviors, provided that relevant rescaled variables are properly defined.
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